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Abstract
The Poincare´ invariant vacuum is not unique in quantum gravity. The BMS super-
translation symmetry originally defined at null infinity is spontaneously broken and
results in inequivalent Poincare´ vacua. In this paper we construct the unique vacua
which interpolate between past and future null infinity in BMS gauge and which are
entirely characterized by an arbitary Goldstone boson defined on the sphere which
breaks BMS invariance. We show that these vacua contain a defect which carries
no Poincare´ charges but which generically carries superrotation charges. We argue
that there is a huge degeneracy of vacua with multiple defects. We also present the
single defect vacua with its canonically conjugated source which can be constructed
from a Liouville boson on the stereographic plane. We show that positivity of the
energy forces the stress-tensor of the boson to vanish as a boundary condition. Fi-
nite superrotations, which turn on the sources, are therefore physically ruled out as
canonical transformations around the vacua. Yet, infinitesimal superrotations are
external symplectic symmetries which are associated with conserved charges which
characterize the Goldstone boson.
1e-mail: gcompere@ulb.ac.be
2e-mail: Jiang.Long@ulb.ac.be
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1 Introduction
The structure of asymptotically flat spacetimes is a classical topic in general relativity
which has been studied for more than 50 years. One highlight is the existence of a sym-
metry group at future null infinity which extends the Poincare´ group, the so-called BMS
group from the name of its founders Bondi, van der Burg, Metzner and Sachs [1, 2]. The
BMS group includes the familiar rotations and Lorentz boosts but extends the translation
abelian normal subgroup into a larger abelian normal subgroup: the supertranslations.
(For a review of the asymptotic structure of the gravitational field at future null infinity
and spatial infinity, see e.g. [3]).
Recently, it was understood that the symmetry group of asymptotically flat spacetimes
should be the diagonal subgroup of the direct product of the symmetry group at both
future and past null infinity: there is only one BMS algebra and the S-matrix is BMS
invariant [4]. It was further understood that the vacuum spontaneously break the BMS
supertranslation symmetry which leads to the existence of a Goldstone boson which labels
inequivalent vacua [5]. Also, two new connections emerged: the Ward identities of the
2
BMS symmetry naturally account for the leading tree-level soft gravitons theorems [5].
Moreover, supertranslations can also be related to physical displacements known as mem-
ory effects [6].
Yet, all the consequences of these structures have been established so far only in the
asymptotic regions either at future or past null infinity. The main aim of this paper is to
infer what these structures tell us about the bulk spacetime. Let us imagine by analogy
a world where theoretical physicists only knew about the asymptotic structure of AdS3
spacetimes without any information about the bulk AdS3 physics. In this fiction, these
physicists would only know that the asymptotic symmetry group is the double copy of the
Virasoro group [7] and they would know the Fefferman-Graham asymptotic expansion [8].
Since the symmetry generators admit a finite asymptotic expansion for Einstein gravity,
one can easily exponentiate them in order to obtain an interesting phase space: the AdS3
spacetime equipped with “holographic gravitons” [9,10] (for recent views on this topic, see
e.g. [11–17])3. In our view, we have a similar situation for four-dimensional asymptotically
flat spacetimes. The symmetry group is defined at null infinity but these symmetries have
not yet been exponentiated in the bulk in order to generate the corresponding phase space.
There are two obstacles to this program. The first one is technical: the asymptotic
series of the BMS supertranslation generator in the radial asymptotic expansion is in-
finite and depends upon an arbitrary function on the unit sphere. We were however
able to overcome this difficulty in the vacuum case by explicitly resumming the radial
asymptotic expansion presented in detail in [11,20]. The second one is conceptual: aren’t
the Goldstone boson and the asymptotic symmetries defined in the asymptotic region
only? In fact, the answer is negative. At least as an asymptotic series at future null
infinity, the BMS asymptotic symmetry holds at each order after defining the suitable
bracket of infinitesimal symmetries [11, 21]. Now, in a restricted phase space where no
local degree of freedom is present, the symmetries also lead to conserved charges which
represent the symmetry algebra everywhere in the bulk spacetime [22]. Such symmetries
were dubbed symplectic symmetries and further characterized in [17, 23]. In the phase
space of vacua, the BMS supertranslations are symplectic symmetries as well, as we will
discuss in detail, but their associated charges will be found to be identically zero. This
result dovetails with a similar observation made recently in the closely related context of
stationary spacetimes [24] and black holes [25].
The main remaining issue that we will address is the following: if there is a non-trivial
Goldstone boson, which conserved charges characterize it? Part of the answer comes from
the suggestion to consider an extension of the BMS group [26]4: Lorentz boosts and rota-
tions form together the group of global conformal transformations of the conformal sphere
3Note that it would then be straightforward to add the zero modes to the functions appearing in
the resulting metric as a solution generating technique. This would result in a derivation of the metric
of the BTZ black holes [18] and the conical angle deficits in AdS3 [19] (still equipped with holographic
gravitons [9]).
4See also footnote 18 in [27].
3
at future null infinity. Local conformal transformations, associated with superrotations,
are then a natural extension of the symmetry algebra which leads to interesting algebraic
structures [11, 20]. These symmetry structures have also been claimed to be related to
the subleading soft graviton theorem [28] in turn related to the spin memory effect [29].
In this paper, we will argue that finite superrotations cannot be considered as physical
canonical transformations for at least three reasons: they would lead to a violation of
positivity of the energy, they would lead to symplectic flux at future null infinity and
they would forbid the existence of a variational principle for the vacua. However, we will
show that infinitesimal superrotations are external symplectic symmetries of the vacua,
i.e. symplectic symmetries which are not canonical transformations5. Yet, the superrota-
tions are associated to physical conserved charges which can then be used to characterize
the Goldstone boson of the vacua.
The rest of the paper is organized as follows. In Section 2 we present the metric of
the vacua obtained by exponentiating the infinitesimal BMS supertranslations and we
discuss its properties. In Section 3 we present the metric obtained by exponentiating
both the BMS supertranslations and superrotations. We argue that the metric should
not be considered as physical. We interpret it as containing the source conjugated to the
Goldstone boson. In Section 4 we discuss the existence of symplectic symmetries of the
vacua. In Section 5 we generalize the construction of vacua to the multi-centered case
and we conclude in Section 6.
2 Vacua
We define the global Poincare´ vacuum as the Minkowski vacuum
ds2 = −du2 − 2dudr + 2r2γzz¯dzdz¯, γzz¯ = 2
(1 + zz¯)2
. (1)
We used retarded time u = t − r and stereographic coordinates defined as z = eiϕ cot θ
2
,
z¯ = e−iϕ cot θ
2
.6
The existence of other inequivalent vacua is signaled by the existence of BMS super-
translations at future null infinity which constitute together with the Lorentz group the
set of asymptotic symmetries of gravity with zero cosmological constant. The generator
of supertranslations reads in BMS gauge around the global Poincare´ vacuum as
χT = T∂u + (
1
2
DADAT +O(1
r
))∂r + (−1
r
DAT +O( 1
r2
))∂A (2)
5A possible relationship with the recent work [30] remains to be understood.
6For future reference, we denote the unit metric on the round sphere as γAB, A,B = z, z¯ and its
determinant as γ. It has all Christoffel symbols vanishing except Γzzz = −2∂zφ, Γz¯z¯z¯ = −2∂z¯φ where
we define e−2φ ≡ γzz¯. We will denote its covariant derivative as DA. Its Ricci tensor and scalar obey
RAB = γAB, R = 2. Note that the north pole is at z, z¯ →∞ and the south pole is at z = z¯ = 0.
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where T = T (z, z¯) is a regular real function on the sphere. Acting with the Lie derivative
of this vector field on the Minkowski vacuum, one turns on a phase space variable C which
is defined in the asymptotic region and which transforms under supertranslations as
δTC = T (z, z¯). (3)
We define the vacua as the zero-energy solutions of Einstein gravity with asymptoti-
cally flat boundary conditions which break BMS supertranslation invariance at future null
infinity. Such solutions are characterized by the Goldstone boson of spontaneously broken
BMS supertranslation invariance C. We assume in this section that it only depends upon
the sphere coordinates and we denote it by C(z, z¯). We will go back to this assumption
in Section 5.
2.1 Metric
The metric of the vacua in the BMS coordinate system at future null infinity can be
deduced from the form of the generator (2). In principle, one needs to exponentiate
this generator in order to obtain a finite diffeomorphism. This finite diffeomorphism will
depend upon the exponentiation of T (z, z¯) which we define as C(z, z¯). One then applies
this finite diffeomorphism to the global Poincare´ vacuum to obtain the other vacua. This
diffeomorphism is a solution generating diffeomorphism which sends a solution to another
inequivalent solution, as we will extensively describe in the following.
The technical difficulty in this program is the fact that the supertranslation generator
is only defined in the literature as an asymptotic series expansion close to future null
infinity. In an analogue toy model in 3 dimensional gravity the asymptotic symmetries
admit a finite radial expansion and the exponentiation can be performed exactly, see [10]
for the AdS3 case and [16] for the flat case. Here, we shall not discuss all harsh technical
steps required in 4 dimensions, but we shall present the final result which can be written
in a simple closed form. The details of the solution generating diffeomorphism can be
found in the Appendix of [31].
The metric of the vacua can be written exactly as
ds2 =


−1 − r√
r2+U
1
2
DBCAB −DA
√
r2 + U
− r√
r2+U
0 0
1
2
DBCAB −DA
√
r2 + U 0 (r2 + 2U)γAB + CAB
√
r2 + U

 (4)
with CAB = −(2DADB − γABD2)C and U = 18CABCAB. The metric depends upon a
single function C(z, z¯) defined on the sphere. When C(z, z¯) = 0 the metric is exactly the
global Poincare´ vacuum (1).
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In z, z¯ notation, one can write it as
ds2 =


−1 − 1√
1+ U
r2
1
2
DzCzz − ∂z
√
r2 + U 1
2
Dz¯Cz¯z¯ − ∂z¯
√
r2 + U
− 1√
1+ U
r2
0 0 0
1
2
DzCzz − ∂z
√
r2 + U 0 Czz
√
r2 + U γzz¯(r
2 + 2U)
1
2
Dz¯Cz¯z¯ − ∂z¯
√
r2 + U 0 γzz¯(r
2 + 2U) Cz¯z¯
√
r2 + U


(5)
where indices are raised with γzz¯ and
U ≡ 1
4
CzzC
zz =
1
4
Cz¯z¯C
z¯z¯, (6)
Czz ≡ −2Dz∂zC = −2(∂z∂zC + 2∂zC∂zφ),
Cz¯z¯ ≡ −2Dz¯∂z¯C = −2(∂z¯∂z¯C + 2∂z¯C∂z¯φ). (7)
Note the equalities DzCzz = ∂¯
zCzz ≡ γzz¯∂z¯Czz and Dz¯Cz¯z¯ = ∂z¯Cz¯z¯ ≡ γ z¯z∂zCz¯z¯.
By construction, the metric is asymptotically flat at future null infinity and it falls into
the BMS gauge. The metric is also asymptotically flat at past null infinity when switched
to BMS− gauge. An explicit match with standard asymptotic expansions is provided in
Appendix A.1.
2.2 Properties
The metric is defined in a coordinate system which breaks down at r = 0. This locus is
of crucial interest. The coordinate singularity at r = 0 differs from the familiar one in
spherical coordinates. In the global vacuum, the sphere at constant radius r and constant
u shrinks upon decreasing r to a space point at r = 0 which is the origin of Euclidean
space. Instead, in the metric (5) the induced metric gAB at constant u, r only admits a
vanishing determinant at r = 0 but the induced metric does not entirely vanish. Indeed,
after using (6) we find that
Det
(
2UγAB +
√
UCAB
)
= 0. (8)
We will prove in Section 4.2 that spheres at constant r, u cannot be shrunk to zero size since
non-vanishing conserved charges can be defined on such spheres, otherwise the charges
would be identically zero. We will however need an entire machinery to prove it. It implies
that there is a defect of some nature at r = 0 at constant u or beyond that locus. There
is no global conical deficit or angular defect since the metric is smooth for r > 0.
Since the metric is obtained by a finite coordinate change from Minkowski, it is Rie-
mann flat everywhere, except possibly at singular points of the coordinate change, which
would lead to a defect. In general, the metric is stationary but nonaxisymmetric.
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The metric depends upon C(z, z¯) only indirectly, through Czz and Cz¯z¯. This is related
to the fact that the 4 translations of Minkowski spacetime (2) where T (z, z¯) is a real linear
combination of
1,
1
1 + zz¯
,
z
1 + zz¯
,
z¯
1 + zz¯
(9)
are Killing symmetries. Therefore, they do not generate any Goldstone boson C. These
4 functions are exactly the basis of the zero modes of the differential operator 2DADB −
γABD
2. These are the lowest spherical harmonics l = m = 0 and l = 1, m = −1, 0, 1.
Equivalently, these four zero modes are the unique zero mode of D2 (time translations)
and the three zero modes of D2 + 2 (space translations).
Since the vacua are just Minkowski vacuum written in different coordinate systems,
the metric (5) admits 10 Killing vectors. These Killing vectors however have components
ξµ which depend upon the field C(z, z¯) since they are obtained as ξµ = ∂x
µ
∂x
µ
s
ξµs where ξ
µ
s
are the standard components of the Killing vectors in global coordinates xµs (1). Given
the unusual form of these Killing vectors, we find no contradiction to reconcile translation
invariance and the presence of a defect.
After using the following identity
DBCAB = −DA(D2 + 2)C, (10)
we can write the metric for the vacua as
ds2 = −du2 − 2dud(
√
r2 + U +
1
2
(D2 + 2)C) +
(
(r2 + 2U)γAB +
√
r2 + UCAB
)
dzAdzB.
= −du2 − 2dudρ+ gAB(ρ, zC)dzAdzB. (11)
Here, we need to be careful in the definition of the radial coordinate ρ. Out of the 4
arbitrary first spherical harmonics of C, 3 are annihilated byD2+2 but the lowest constant
harmonic C(0,0) is not. Hence, in the last step, we define the new radial coordinate ρ as
ρ =
√
r2 + U +
1
2
(D2 + 2)C − C(0,0) = r +O(r0). (12)
It agrees asymptotically with r in retarded coordinates and it does not depend upon the
four arbitrary first harmonics of C. Static coordinates are obtained by defining t = u+ ρ.
The metric reads
ds2 = −dt2 + dρ2 + gAB(ρ, zC)dzAdzB,
gAB = (ρ− C + C(0,0))2γAB − 2(ρ− C + C(0,0))DADBC +DADECDBDEC. (13)
The definition (12) ensures that time translations only shift t or u but not ρ. Quite
surprizingly, the metric is very simple in static gauge: it is quadratic in both C and ρ.
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Since we did not impose any parity conditions on the field C, the metric (13) provides
an explicit example of a Ricci flat solution with finite charges (as we will show in Section
4.2) which explicitly breaks the parity conditions at spatial infinity which are usually
imposed [32].
The metric in advanced coordinates (v, r, z, z¯) is simply obtained after the change of
coordinates v = t + ρ = u + 2ρ. We use the same coordinates zA at I− as in the bulk
spacetime and at I+: a light ray starting at (z, z¯) at I− will reach the antipodal point
(−1
z¯
,−1
z
) at I+7. We find that the metric in advanced coordinates xµ(−) = {v, ρ, zA} reads
as
ds2 = −dv2 + 2∂r(
√
r2 + U)dvdr + 2∂A(
√
r2 + U +
1
2
(D2 + 2)C)dvdzA
+
(
(r2 + 2U)γAB +
√
r2 + UCAB
)
dzAdzB (14)
where U = 1
8
CABC
AB and CAB = −(2DADB − γABD2)C(z, z¯). The metric (14) is explic-
itly asymptotically flat in BMS gauge around past null infinity as detailed in Appendix
A.1. We have therefore found the explicit map between future null infinity and past null
infinity thanks to the knowledge of the metric everywhere in the bulk. The Goldstone
boson of spontaneously broken supertranslation invariance at future and past null infinity
are related as
C(z, z¯) = C(−)(z, z¯). (15)
where C(−) is defined in (85), up to the four first harmonics which are left unfixed.
Therefore, the vacua do not obey in general the antipodal matching conditions
C(z, z¯) = −C(−)(−1
z¯
,−1
z
). (16)
as stated in (3.2) of [5] or as stated in (2.12) of [29] (for comparison, note their different
sign convention for C(−)). Note that the antipodal matching conditions (16) trivially hold
as a consequence of (15) when C is restricted to be parity odd.
In advanced coordinates, the generator of supertranslations reads as
χ
(−)
T = T
(−)(zA)∂v + (−1
2
D2T (−) +O(1
r
))∂r + (
1
r
DAT (−) +O( 1
r2
))∂A. (17)
Infinitesimal coordinate transformations generated by χ(−) preserve BMS gauge at past
null infinity. The transformation law for δCAB allows to infer the transformation law
for C(−) as δT (−)C
(−) = −T (−). However, for the 4 translations, δCAB = 0 and the
transformation law of C(−) is not fixed by this argument.
7Note that the metric and Laplacian on the unit sphere are invariant under the antipodal map.
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A subtle point is the relationship between the vector fields χT and χ
(−)
T . One can
check using the coordinate changes that they are not equal. This is related to the fact
that the change of coordinates from advanced to retarded coordinates depends upon the
very field C which is varied by the action of supertranslations. The identification of the
supertranslations between future and past null infinity is
χT = χ
(−)
T − δχTxµ(−)
∂
∂xµ(−)
or χ
(−)
T = χT − δχT (−)x
µ
(+)
∂
∂xµ(+)
(18)
where the variation acts on the field C as δχTC(z, z¯) = T (z, z¯). For usual translations, one
has δχTx
µ
(−) = 0 and there is a unique vector field χT = χ
(−)
T . For generic supertranslations,
we find explicitly
χ
(−)v
T =
∂v
∂xµ(+)
χµT − δχT v = χuT + 2χrT − 2δχT ρ
= T (zA) +D2T (zA)− (D2 + 2)T (zA) + 2T(0,0) = −T (zA) + 2T(0,0). (19)
Therefore, the identification (18) leads to the following identification between BMS su-
pertranslations at future and null infinity (except the time translation)
T (−)(z, z¯) = −T (z, z¯). (20)
The only exception is the time translation which is simply identified as ∂u = ∂v (T
(−) =
T = 1). One can check that the relationship is obeyed in the case of exact translations.
The parity-odd BMS supertranslations and time translations obey the antipodal matching
conditions
T (z, z¯) = T (−)(−1
z¯
,−1
z
). (21)
advocated in [4] and derived in the context of graviton scattering in [5], but the parity-
even BMS supertranslations ℓ = 2, 4, . . . do not obey the antipodal matching conditions
(21).
3 Vacua with sources
It has been proposed that the asymptotic symmetry group of flat spacetime should be
enhanced to include superrotations [26, 33] (see also [27]). In turn, consistency of the
algebra would then impose that the symmetry group should as well contain supertrans-
lations generated by singular functions over the sphere [26]. If that proposal is correct,
there should exist a phase space obtained by the exponentiation of these infinitesimal
diffeomorphisms which admit all usually accepted physical properties such as positivity
of the energy and existence of a variational principle for the vacua.
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In the following, we shall give the result of this exponentiation and provide with
the resulting phase space. However, we will show that these two fundamental physical
properties are violated: energy is unbounded from below and there is no variational
principle. We will conclude that the superrotations should not be considered as a part
of the symmetries of Einstein gravity. In turn, this implies that there is no physical
Goldstone boson associated with this symmetry. Instead, we will be led to understand
the “would be Goldstone boson” as a source which is fixed to zero as a result of boundary
conditions.
3.1 Metric
After some lengthly algebra, one can exponentiate the superrotation generators at the
same time as the supertranslation generators in order to find a metric labelled by two
functions: the function C(z, z¯) generated by the finite supertranslation diffeomorphism
and the function G(z) and its complex conjugate G¯(z¯) generated by the finite superro-
tation diffeomorphism. By construction, G(z) is a meromorphic function the sphere and
C(z, z¯) is an arbitrary function on the sphere with possible poles.
The resulting metric which we call the vacua with sources can be written as
ds2 =


−1 − ∂uU√
r2+U
− r√
r2+U
1
2
DBCAB −DA
√
r2 + U
− r√
r2+U
0 0
1
2
DBCAB −DA
√
r2 + U 0 (r2 + 2U)γAB + CAB
√
r2 + U

 (22)
where U = 1
8
CABC
AB and
CAB = C
T
AB + 2(u+ C)TAB. (23)
Here
CTAB = −(2DADB − γABD2)C (24)
is the same tensor on the sphere as the one defined for the vacua. The new tensor TAB is
traceless and divergence-free. Its holomorphic components are defined as
Tzz = −1
2
S[G(z), z] (25)
where S[G(z); z] is the Schwarzian derivative of G
S[G(z); z] =
∂3zG
∂zG
− 3(∂
2
zG)
2
2(∂zG)2
. (26)
Its antiholomorphic components are defined analogously and Tzz¯ = 0.
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The occurance of a Schwarzian derivative is familiar from 3 dimensional examples in
AdS3 which also possess local conformal invariance (see e.g. [34]). It is natural to define
the free real boson on the stereographic plane Ψ as Ψ = ψ(z) + ψ¯(z¯) where
∂zG = e
ψ, ∂z¯G¯ = e
ψ¯. (27)
Then the traceless and divergence-free tensor on the sphere TAB is recognized as the
stress-tensor of the free boson Ψ,
Tzz =
1
4
(∂zΨ)
2 − 1
2
∂z∂zΨ, Tz¯z¯ =
1
4
(∂z¯Ψ)
2 − 1
2
∂z¯∂z¯Ψ¯. (28)
As in the toy model with AdS3 asymptotics, one can generalize the solution by adding
zero modes Λ and Λ¯, which are not obtained by coordinate transformations. We define
the Liouville stress-tensor by completing the stress-tensor of the free boson as
Tzz =
1
4
(∂zψ)
2 − 1
2
∂z∂zψ +
Λ
4
e2ψ, Tz¯z¯ =
1
4
(∂z¯ψ¯)
2 − 1
2
∂z¯∂z¯ψ¯ +
Λ¯
4
e2ψ¯. (29)
We still define the real boson Ψ as Ψ = ψ(z) + ψ¯(z¯). One can check that the solution is
still Riemann flat everywhere in the coordinate patch.
3.2 Properties
Let us first give some general properties of this metric. The metric is locally Riemann
flat. In the case Λ = Λ¯ = 0 it is obvious since it is obtained from a finite diffeomorphism
applied on Minkowski spacetime. There is again a defect in the geometry signaled by the
existence of conserved charges, see Section 4.2.
Under the action of an infinitesimal supertranslation, the fields transform as
δTC = T (z, z¯), δTTAB = 0. (30)
The infinitesimal diffeomorphism which generates superrotation is given by
χR =
1
2
uDAR
A∂u + (−1
2
(r + u)DAR
A +O(1
r
)∂r + (R
A − u
2r
DADBR
B +O( 1
r2
))∂A. (31)
Here RA = (R(z), R¯(z¯)) are the conformal Killing vectors on the sphere. This vector field
is in general singular on the sphere except for the global Killing vectors generated by
R = 1, z, z2. Under the action of an infinitesimal superrotation, the fields transform as
δRC = R∂zC − 1
2
C∂zR + C∂zφR + c.c., (32)
δRTzz = R∂zTzz + 2∂zRTzz − 1
2
∂3zR, (33)
δRTz¯z¯ = R¯∂z¯Tz¯z¯ + 2∂z¯R¯Tz¯z¯ − 1
2
∂3z¯ R¯. (34)
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Here we recall that φ is defined from the conformal factor on the sphere as e−2φ = γzz¯.
The transformation law for TAB is exactly the one of the stress-tensor of a 2d Euclidean
CFT. The holomorphic and anti-holomorphic bosons ψ, ψ¯ simply transform as
δRψ = R∂zψ + ∂zR, δRψ¯ = R¯∂z¯ψ¯ + ∂z¯R¯. (35)
3.2.1 Energy unbounded from below
The metric is written in BMS gauge at future null infinity (see appendix A.1 for the defi-
nition of BMS gauge). The canonical mass associated with ∂t can be computed using the
Barnich-Brandt method [35]. One finds that it is not integrable and that the infinitesimal
mass variation /δM can be written as the sum of the variation of the Bondi mass δMB
and a u-independent non-integrable piece. So even though the mass is not integrable, the
time derivative of the mass is integrable and is given by the time derivative of the Bondi
mass. One can easily read off the Bondi mass at future null infinity which is given by
MB = −1
2
∂uU = −1
8
NABC
AB (36)
= −1
4
TABC
AB
T −
1
2
(u+ C)TABTAB. (37)
The Bondi mass decreases with retarded time u as it should,
∂uMB = −1
2
TABTAB. (38)
However, since the vacua have zero energy, the presence of TAB is unphysical. It drives
the energy towards minus infinity. We should therefore interpret the presence of TAB as a
source which ought to be set to zero for physical field configurations8. The set of metrics
(22) is certainly a solution space but it should not be interpreted as a set of solutions
obeying physical boundary conditions. Given this observation, we are led to impose the
set of Dirichlet boundary conditions
TAB = 0. (39)
The role of these boundary conditions will become clearer in the next section.
3.2.2 Symplectic flux originating from sources
Let us now study the existence of a variational principle for the solution space (22) which
will lead to the definition of symplectic flux at I+. It will clarify the role of the Dirichlet
boundary conditions and the interpretation of TAB as a source.
8Also note that the presence of constant news NAB ≡ ∂uCAB = 2TAB leads to a violation of the
Christodoulou-Klainerman asymptotic flatness conditions which instead require that the news decays as
NAB ≃ |u|−3/2 for large u→ ±∞ [36].
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The action of Einstein gravity is
S =
1
16πG
∫
M
d4x
√−gR +
∫
I+
B[g] + . . . (40)
It admits a boundary term close to future null infinity. It is defined as usual on a finite
and large radial cutoff hypersurface r = λ (in BMS coordinates) with λ → ∞. It might
depend upon the intrinsic and extrinsic fields of the induced metric on the hypersurface.
In order to keep notations short, we just express the codimension 1 boundary form B[g] as
a function of the bulk metric. It might contain the Gibbons-Hawking term or other terms.
There are also additional boundary terms at spacelike and past null infinity indicated by
the dots but we shall not be concerned about them here.
Note that the surface r = λ admits a normal which is slighly spacelike, so the surface
is slightly timelike. It has therefore the same signature as a cutoff surface close to the
boundary of AdS, for which the variational problem is very well understood [37].
The variation of the action is given by a bulk term proportional to the equations of
motion plus a boundary term,
δS = − 1
16πG
∫
M
d4x
√−gGµνδgµν +
∫
I+
dudzdz¯ (Θr[δg; g] + δB[g]) + . . . (41)
Here, the presymplectic potential form Θ[δg; g] = Θµ[δg; g](d3x)µ is the codimension
1 form defined from varying the Einstein-Hilbert action and obtained after performing
integration by parts,
δ(
√−gR)d4x = −√−gGµνδgµνd4x+ ∂µΘµ[δg; g]. (42)
Let us now specialize to our setting with g an element of the solution space (22) and
δg tangent to the solution space (22). We obtain
Θr[δg; g] =
1
16πG
√
γ(−CABδTAB − 1
2
DADBδC
AB) +O(r−1). (43)
The existence of a variational principle amounts to the existence of a suitable boundary
term B[g] such that the variation of the action is zero. The integrability condition for
solving this problem is exactly the requirement that the following boundary symplectic
structure be zero,
ΩI+ [δC, δψ; δC, δψ] ≡ − 1
4G
∫
I+
dud2Ω δCAB ∧ δTAB. (44)
We require that the vacua admit no symplectic structure at I+ since it would be
incompatible with their stability. This condition is exactly equivalent to the existence
of a variational principle for the vacua. One can check that the boundary symplectic
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structure at I+ is non-vanishing for generic variations, even around the vacua TAB = 0
9.
The absence of symplectic flux at I+ or the existence of a variational principle therefore
requires a boundary condition. Requiring energy bounded from below singles out the
Dirichlet boundary condition (39).
Let us now further interpret (44). We recognize that TAB and CAB are canonically
conjugated variables. CAB can take a vacuum expectation value as a result of spontaneous
BMS supertranslation symmetry breaking. Its conjugated variable TAB is its conjugated
source which is fixed as a result of Dirichlet boundary conditions. We therefore found a
dictionary which is strikingly similar to the AdS/CFT dictionary at the boundary of AdS
where conjugated variables come in pairs of a source and a vacuum expectation value.
Since superrotations turn on TAB, these transformations do not lead to metric per-
turbations tangent to the physical phase space. Nevertheless, superrotations still have
a role to play as we will see in the following as external symplectic symmetries. As in
AdS/CFT, one is allowed to turn on sources infinitesimally in order to probe the physical
state, as we will discuss.
4 Symplectic symmetries of the vacua
The concept of symplectic symmetry in gravitational and gauge theories has been put
forward in [17,23] based on the earlier observations in [11,22]. A symplectic symmetry is
defined as a gauge parameter (an infinitesimal diffeomorphism χµ in the case of gravity)
which is not an exact symmetry (a Killing symmetry in the case of gravity) such that it
exists a presymplectic form which is zero on-shell when contracted with the corresponding
gauge transformation
ω[Lχg, δg; g] ≈ 0. (45)
Here g labels an arbitary point in the phase space and δg any metric tangent to the
phase space. A symplectic symmetry is canonically associated with a conserved charge
which only depends upon the homology of the sphere of integration S (it preserves its value
upon smoothly deforming the sphere). Indeed, one has the following fundamental theorem
which could be dubbed “the generalized Noether theorem for gauge theories” [35,38–41]:
ω[Lχg, δg; g] = dkχ[δg; g] + (EOM) + δ(EOM). (46)
Here equality holds up to terms vanishing on-shell (g obeying Einstein’s equations) and
linearized on-shell (δg obeying the linearized Einstein’s equations). It will be impor-
tant for the following that the surface charge form kχ[δg; g] is defined uniquely from the
9As an explicit example, let us set δC to be the m = l = 2 spherical harmonic function and δTz¯z¯ a
constant (generated by R¯ = z¯3) . Then δCzz(γ
zz¯)2δTz¯z¯ is a constant so the integral on the sphere is
nonvanishing.
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presymplectic form up to an exact term dlχ[δg; g] where lχ is a codimension 3 form. The
conserved surface charge is then defined as
Qχ =
∫
S
∫ g
g¯
kχ[δg
′; g′]. (47)
It is independent of the path chosen in phase space if the so-called integrability conditions
are obeyed. A symplectic symmetry is then called trivial if its conserved charge is always
zero. It is called a non-trivial symplectic symmetry otherwise. The two independent
definitions for the presymplectic form in Einstein gravity and their associated conserved
surface charges are recalled in appendix A.2.
In the following we will present a prescription for fixing the ambiguities in the Lee-
Wald presymplectic form in order to obtain a presymplectic form which exactly vanishes
for any vacuum (5) and any perturbation δg generated by both supertranslations and
superrotations. Supertranslations will therefore generate symplectic symmetries of the
vacua. Superrotations are not tangent to the phase space of vacua as we discussed. We
will show nevertheless that they can be defined as external symplectic symmetries, which
are also associated with conserved charges in the physical phase space.
4.1 Derivation of the on-shell vanishing presymplectic form
Our main interest is the space of vacua (5) and the perturbations δTg, δRg generated
by supertranslations and superrotations. The natural setting to study is therefore the
solution space of vacua with sources g(C, ψ) (22) since supertranslations act tangentially
on that solution space. The solution space with sources is labelled by the real function
C(z, z¯) (with poles) and the meromorphic function ψ(z) on the sphere.
Let us first compute the two standard definitions of the presymplectic form given in
Appendix A.2 in our setting. We obtain that neither the Lee-Wald neither the invari-
ant presymplectic forms are vanishing. There is however a well-known ambiguity in the
definition of the Lee-Wald presymplectic form that we could exploit as recalled in Ap-
pendix A.2. We therefore aim to find a codimension 2 form Θct[δg; g] such that the total
presymplectic form
ω[δ1g, δ2g; g] = ωLW [δ1g, δ2g; g]− d (δ1Θct[δ2g; g]− δ2Θct[δ1g; g]) , (48)
is vanishing for any vacua g(C) (5) and any perturbations δTg, δRg.
Let us start by deriving the asymptotic behavior of the presymplectic potential form
Θµ[δg; g(C, ψ)]. It obeys
Θu[δg; g(C, ψ)] = 0,
Θr[δg; g(C, ψ)] = Θr(0)[δg; g(C, ψ)] +O(r
−1), (49)
ΘA[δg; g(C, ψ)] = O(r−2).
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The finite radial component was already found in Section 3.2.2 and reads as
Θr(0)[δg; g(C, ψ)] =
1
16πG
√
γ(−CABδTAB − 1
2
DADBδC
AB). (50)
Let us recall that one defines the presymplectic potential Θ[δg; g] from varying Ein-
stein’s equations, δ(
√−gR) = −√−gGµνδgµν + ∂µΘµ[δg; g]. By Einstein’s equations and
linearized Einstein’s equations, the left-hand side is zero on-shell and therefore Θ is con-
served, ∂µΘ
µ = 0. One can therefore write Θr exactly as
Θr = Θr(0)[δg; g(C, ψ)]−
∫
dr∂AΘ
A[δg; g(C, ψ)]. (51)
After varying the fields in (49), this leads to the following exact expression for the Lee-
Wald presymplectic form
ωuLW = 0, ω
r
LW = ω
r
(0) + ∂Aδ
(
−
∫
drΘA
)
, ωALW = ∂rδ
(∫
drΘA
)
. (52)
We rewrote ωALW in a suggestive form and defined
ωr(0)[δ1g, δ2g; g(C, ψ)] ≡ −
1
16πG
√
γ
(
δ1CAB δ2T
AB − (1↔ 2)) . (53)
Therefore, we were able to write the Lee-Wald presymplectic form as an exact differential
of a codimension 2 form, up to the remaining constant piece ωr(0),
ωLW = ω(0) + d(δ1Θct(δ2g; g)− δ2Θct(δ1g; g)) (54)
where
ΘuAct = Θ
AB
ct = 0, Θ
rA
ct = −ΘArct =
∫
dr ΘA. (55)
Here, we defined for convenience the other components of ω(0) as ω
u
(0) = 0, ω
A
(0) = 0.
Now, around a generic element of the vacua with sources, the presymplectic form ω(0)
cannot be written as an exact differential of an extra field variation, i.e. of the form
d δ(·). The offending term is proportional to δ1Cδ2(TABTAB)− (1↔ 2) after using (23)10.
However, we now observe that around the physical space of vacua where TAB (but not
its variation) is constrained by the Dirichlet boundary condition (39) the offending terms
10One might define Θruct ∝ uCδ(TABTAB) after integrating over u but such terms correspond to the
addition of a compensating energy flux originating from I+ going inwards, which is not admissible. One
could also write δg as a linear combination of variations caused by supertranslations and superrotations
and use the generalized Noether theorem (46) to write ω(0) as a boundary term. However, it will not be
of the form d δ(·) since the charges are not integrable in general.
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are absent and the presymplectic form ω(0) can be written as a boundary term which is
an exact field variation! It reads as
ω(0) =
1
2G
dud2ΩDA
(
DBδ1C δ2T
AB − (1↔ 2)) (56)
after using the properties that TAB is traceless and divergence-free. Therefore, for any
perturbation around the vacua without sources we have
ωLW = d(δ1Θct(δ2g; g)− δ2Θct(δ1g; g)) (57)
where Θµνct = Θ
[µν]
ct and
ΘuAct = Θ
AB
ct = 0, (58)
ΘrAct =
1
8πG
√
γ DBCδT
AB +
∫
dr ΘA. (59)
With this definition, the total presymplectic form (48) is identically zero for any pertur-
bations δTg, δRg around the vacua (5).
Supertranslations are therefore symplectic symmetries and lead to conserved charges
for any codimension 2 surface enclosing a singularity such as a defect. The superrotations
lead to perturbations which are not tangent to the phase space. Yet, we have the property
ω[δRg, δTg; g(C)] = 0 (60)
which leads to the existence of closed surface charge forms kχR and consequently con-
served charges around the vacua thanks to the generalized Noether theorem (46). We will
call the superrotations external symplectic symmetries to distinguish them from the su-
pertranslations which we could call internal symplectic symmetries. With that definition
both external and internal symplectic symmetries lead to conserved charges but only the
internal ones are tangent to the physical phase space.
Usually transformations which do not preserve the phase space are not associated
with conserved charges. Here however, something very peculiar happened. The symplectic
structure at I+ (44) is non-zero, as we discussed, so superrotations are not canonical: they
do not generate perturbations tangent to the phase space. However, the presymplectic
form is actually a boundary term for variations around the physical configurations TAB =
0. Usually such a boundary term would be zero but here it is not, because of the poles
of the meromorphic and anti-meromorphic functions δTzz and δTz¯z¯. (We will work out
examples of integrals with poles in the following).
4.2 Conserved BMS supertranslations and superrotations
Let us now turn our attention to the conserved charges of the vacua associated with
supertranslations and superrotations. The on-shell vanishing presymplectic form leads
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via the generalized Noether theorem to a closed surface charge form kχ which can be
integrated on any codimension 2 surface S. More precisely, the surface charge form is
defined as
kχ[δg; g(C)] = k
IW
χ [δg; g(C)] + k
ct
χ [δg; g(C)] + dlχ[δg; g(C)]. (61)
The Iyer-Wald surface charge kIWχ originates from the Lee-Wald presymplectic form as
explained in Appendix A.2. The supplementary term kctχ originates from the additional
boundary term in the presymplectic form (48) as reviewed in Appendix A.2. Since only
the rA components of Θct are non-vanishing, the same is true for k
ct
χ . When the surface
S is the sphere at constant u, r, such a term does not contribute. It would contribute
for a more generic codimension 2 surface S of integration. The final term is the exact
differential of a codimension 3 line charge form which is unfixed by the theory. Usually,
one completely ignores it. Here however, one cannot due to singularities at the poles of
the supertranslation function R(z) which can lead to non-vanishing integrals
∮
S
dlχ. We
already saw an example of such non-vanishing integrals of an exact differential over the
sphere: the symplectic structure at I+ around the vacua without sources, see (44) and
(56).
Let us consider a surface S surrounding the locus r = 0. The infinitesimal conserved
charge associated to the generator χ is defined as
QSχ =
∮
S
∫ C(z,z¯)
0
kχ[dg; g(C)]. (62)
The integration is performed first in the phase space between the global Poincare´ vacuum
and the vacuum of interest characterized by the Goldstone boson C(z, z¯). The one-form in
phase space dg is defined as dgµν =
∂gµν
∂C
dC. The resulting surface form is then integrated
in spacetime over the surface S.
It is straightforward to compute the conserved charge associated with supertranslations
on the sphere around future null infinity. One has
∮
S
dlχ = 0 by Stokes’ theorem applied
on regular functions and we find the vanishing result
QSχT = 0. (63)
The surface S can also be smoothly deformed at any radius and the charge still be exactly
0. All vacua therefore admit zero energy and momentum and zero BMS supertranslation
charge. These symplectic symmetries are therefore trivial. The supertranslation symme-
try breaking leads to the existence of a non-trivial Goldstone boson but this boson does
not contribute to the supertranslation charges. This result agrees with a similar compu-
tation made in [24] in the context of stationary spacetimes. This result is also in line with
the zero supertranslation charges found on the horizon of a stationary black hole [25].
Let us now consider the superrotations. The generator of superrotation was given in
(31). It depends upon a meromorphic function R(z). The poles of the function R(z) have
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an important consequence: the integral of an exact differential dlχR (linear in χR) over
the sphere might be non-vanishing.
The known theory of conserved charges however gives no information on how to fix
these codimension 3 line charge forms lχR. We will therefore need a physically moti-
vated prescription to define the surface charge (61) associated with superrotations. As
a part of our prescription, we require that the superrotation charge is exactly zero for
global Minkowski spacetime. Since CAB = 0 for the global vacuum, we require that
the superrotation charge depends upon C only through CAB. We will see however that
this requirement is not enough to prove uniqueness of the definition of the superrotation
charge.
Let us start by evaluating the Iyer-Wald charge on the sphere at infinity as defined
in Appendix A.2. We find that the charge diverges linearly in r but that divergent term
can be absorbed by an exact differential of a line charge form. The charge is then finite
but linear in u. Again, this u dependent term can be absorbed by a line charge form. We
then note that the finite time independent result is integrable. The superrotation charge
is finally obtained as
QSχR = −
1
4G
∮
S
d2ΩRA(
1
8
DA(CEFC
EF ) +
1
2
CABDEC
EB). (64)
This expression exactly matches with the one derived by Barnich-Troessaert [20]. Indeed,
in the absence of news, the formula for the superrotation charge proposed in [20] is
integrable and reads as
QSχR =
1
4G
∮
S
d2ΩRA
[(
2NA +
1
16
∂A(C
CBCCB)
)]
, (65)
where d2Ω is the unit measure on the round sphere and NA is defined in Appendix
A.1. After substituting the explicit expressions for the vacua, the charge (65) exactly
reproduces (64).11
It turns out that the charge (64) enjoys the required physical property: it is identically
zero for the Minkowski global vacuum since it is a function of CAB which vanishes on the
global vacuum. However, one could as well perform integrations by parts of the remaining
derivative in the expression (65) while keeping the structure of CAB intact and the resulting
charge will still obey the physical requirement. In the lack of a more precise prescription,
we adopt the definition of the superrotation charge to be (64).
It is important to check that any regular function C(z, z¯) leads to finite superrotation
charges. We checked that setting C(z, z¯) to be an arbitrary combination of the lowest
non-trivial harmonics l = 2, m = −2, . . . 2 and any R(z) = zk, k ∈ Z the superrotation
11Consistently with that matching, we also checked that the term E[δRg; δT g; g(C)] which differs be-
tween the Barnich-Brandt charge and the Iyer-Wald charge is zero on the sphere at infinity. (See appendix
A.2 for definitions.)
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charges are finite. Since nothing special happens for higher harmonics or at other locations
than z = 0, we then argue that the charges are always finite. More precise mathematical
results are known for the integrals of functions with poles [42]. A crucial ingredient is
the residue theorem: any meromorphic function on the sphere is such that the sum of its
residues vanishes.
Since the superrotation charges might be non-vanishing, there ought to be a defect
at r = 0 at constant u or beyond that locus that prevents the charge to be zero after
shrinking the sphere S to a point. This proves the existence of a defect in the bulk
spacetime, as announced earlier. It also proves that the superrotation external symplectic
symmetries are non-trivial.
An important property of the superrotation charge is that the rotation and Lorentz
charges are all vanishing for any C(z, z¯). In order to prove this statement, one first needs
to rewrite the charge formula (66) as
QSχR = −
1
8G
∮
S
d2Ω(DADB + γAB)DER
E(DACDBC). (66)
The proof of the equivalence of (64) and (66) for the Lorentz group is given in Appendix
A.3 and uses the fact that we can freely drop boundary terms when considering globally
defined vectors. Explicitly, in the z, z¯ coordinate system,
QSχR = −
1
8G
∮
S
d2Ω(∂3zR(z))(D
zC)2 + c.c. (67)
Since R is a complex linear combination of 1, z, z2, we obtain that all Poincare´ charges
are identically zero. This proves that the vacua are all Poincare´ invariant.
Let us now illustrate that the superrotation charges cannot be defined as (66) in the
case of singular functions R(z). The global Poincare´ vacuum is obtained upon picking
C = sin θ sinφ = i z¯−z
1+zz¯
which leads to CAB = 0. However, the charge (66) is non-vanishing
which violates our physical criteria! More precisely the superrotation charges associated
with R = z−1 and R = z3 are respectively − 3
8G
and 3
8G
. Since the difference between the
integrands in (66) and (64) is an exact differential, as proven in Appendix A.3, we found
an example of non-vanishing integral of an exact differential.
In the AdS/CFT correspondence, sources are used as probes to compute correlators of
physical observables [43]. The situation is similar in flat space holography: the superro-
tations act as sources which define conserved charges that probe the physical observable:
the expectation value of the Goldstone boson C.
5 Multi-centered vacua
The vacua that we constructed admit a defect which is signaled by superrotation charges.
Since superrotations are symplectic symmetries, one can define the superrotation charges
as an integral over a small sphere which surrounds the defect.
20
Let us now describe an algorithm to define a vacuum with multiple defects. One
starts with the single defect vacuum in (u, r, z, z¯) coordinates (5) and one defines Carte-
sian coordinates xi from the standard change of coordinates from spherical to Cartesian
coordinates. One then acts with the diffeomorphism xi → xi+ai. This diffeomorphism is
not associated with a Killing vector. Indeed, translations admit components χµ depending
upon the Goldstone boson C(z, z¯) since they are obtained from the vector transformation
law of the standard translations with a diffeomorphism which depends upon C(z, z¯). This
latter diffeomorphism is precisely the one which generates the single center vacua from the
global Poincare´ vacuum. The diffeomorphism xi → xi+ ai asymptotes to a translation at
future and past null infinity and therefore it is an admissible transformation (it preserves
the standard asymptotic flatness boundary conditions). Its effect is to move the locus
r = 0 to xi = ai. One can then rewrite the metric in new spherical coordinates whose
origin r = 0 is off-centered with respect to the previous locus which contains the defect.
As a second step, one acts on the resulting vacuum with a defect at/beyond xi = ai
with the same diffeomorphism as the one used to define the vacuum with defect at/beyond
r = 0 from the global Minkowski vacuum. The effect of this diffeomorphism is to generate
a new defect at/beyond r = 0 in addition to the already existing one at/beyond xi = ai.
One can then iterate the procedure to obtain a multi-centered vacua. Each defect will
be characterized by its own superrotation charges. The superrotation charge associated
with a surface enclosing all defects will be the superrotation charge computed at future
null infinity. The number of Killing symmetries of the vacua is still 10 since they are only
transformed by the diffeomorphisms. Since the multi-centered vacua all admit the same
asymptotics they admit zero Poincare´ charges since one can compute them at infinity as
in the single defect case.
The fact that the superrotation charges can be computed individually is a feature of
Killing and symplectic symmetries. A familiar example in the case of Killing symmetry
is the following: the electric charges of isolated electrons can be individually computed
by enclosing spheres. This feature can be generalized to arbitrary Killing symmetries [44]
and symplectic symmetries [17].
In terms of the Goldstone boson C of spontaneously broken BMS supertranslation
invariance, the multi-centered vacua can be interpreted as resulting from a Goldstone
boson depending upon the three spatial directions C = C(xi). Asymptotically, one still
has C = C(0)(z, z¯) + O(r
−1) and the function C(0) is characterized by the superrotation
charges defined at I+ and I− which enclose all the defects.
Let us finally note that in three dimensional analogue models, the multi-centered
defects due to conical deficit angles were built and analysed in [45]. We expect that one can
similarly build defects to admit charges under the three-dimensional BMS group [46,47].
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6 Conclusion and Discussion
In mathematical terms, we built the orbit of Minkowski spacetime under the (original)
BMS group. The resulting set of metrics are Poincare´ vacua in the sense that they
are Poincare´ invariant and admit vanishing Poincare´ charges. They were built from a
finite bulk diffeomorphism which exponentiates the infinitesimal supertranslation BMS
symmetries at future null infinity. We showed that they admit finite and non-vanishing
superrotation charges which can also be extended in the bulk (i.e. they are symplectic
symmetries). This then signals the existence of individual bulk defects which source the
charges. We also constructed multi-centered vacua which admit individually conserved
superrotation charges. We interpreted the supertranslation field which sources the super-
rotation charges as a finite Goldstone boson associated with broken BMS supertranslation
invariance.
We also considered the possibility of defining a Goldstone boson associated with bro-
ken BMS superrotation invariance. More precisely, we constructed the orbit of Minkowski
spacetime under finite superrotations, which we referred to as vacua with sources. How-
ever, we found several pathologies: the energy would then be unbounded from below,
there would be a symplectic flux at future null infinity leading to stability issues, the vari-
ational principle would not exist and the Christodoulou-Klainerman boundary conditions
would be violated. We concluded that the Einstein action does not admit the extended
BMS symmetry with superrotations included as asymptotic symmetry group. Instead, we
identified finite superrotations as source generating transformations. Turning on sources
infinitesimally as probes defines external symplectic symmetries which can be used to
define conserved charges of the Poincare´ vacua which only depend upon the vacuum ex-
pectation value of the Goldstone boson. This is somehow a flat spacetime analogue of the
AdS/CFT prescription for computing a vacuum expectation value through sources [43].
We will now speculate on how the vacuum metrics that we constructed might be
related to physics. We see two different mechanisms for the possible relevance of the
vacua: either they are produced in the early universe or they are transformed by the
interactions of matter and/or gravitational waves. Let us first discuss the cosmological
setting. Well below the cosmological scale set by dark energy, our spacetime can be
considered as asymptotically flat. In fact, many patches around us which are sufficiently
empty can be considered as asymptotically flat. Such local asymptotically flat patches
might have been created originally (let say in an inflationary phase) in a different vacuum
than the global vacuum. Indeed, BMS invariance of the action predicts the existence
of inequivalent vacua which spontaneously break BMS symmetry. Assuming that our
vacuum is the global Minkowski vacuum without further justification could be argued to
be equivalent to fine-tuning.
The existence of a superrotation charge points to an obstruction to shrink the surface
of integration in the bulk and suggests a sort of bulk defect. Cosmic censorship prevents
the occurance of naked curvature singularities but zero mass cosmic defects are much
22
milder: the Riemann tensor vanishes everywhere, except possibly at the defect. The
nature of these defects is not understood and raises new questions. In 3d Einstein gravity
with Brown-Henneaux boundary conditions, one can similarly build the Virasoro orbit
of the global AdS3 vacuum. Such spacetimes admit conserved finite Virasoro charges in
the bulk. There is therefore a similar obstruction at shrinking the circle at infinity to a
point due to the presence of these charges. In the case of finite Virasoro descendants of
global AdS3, the resulting metric does not describe vacua since the L0 charge changes as
a result of the non-abelian algebra. But the presence of bulk defects is similar to the 4d
asymptotically flat case considered here. If the Poincare´ vacua that we constructed are
physical, we should therefore expect the presence of spacetime defects around us12. The
superrotation charge of a sphere enclosing the defect could be measurable in principle by
using a ruler, reconstructing the metric and reconstructing the canonical surface charge.
We could build a large degeneracy of classical vacua. How many defects can there be
in a given volume? For finite energy particles in a large volume their presence is limited by
the existence of black holes. Then the entropy in a finite volume is roughly bounded by its
area in Planck units [52]. Here, the vacua have zero energy so the problem is more acute
and a resolution would require a more detailed knowledge of quantum gravity13. One
speculation is that the defects become extended objects in the quantum theory such that
the sphere surrounding them has a quantized area in terms of Planck cells just sufficient
to encode all non-vanishing superrotation quantum bits of information.
Let us now describe the second possible mechanism where the vacua are relevant.
This mechanism is related to interactions of gravitational waves and/or matter. It is well-
known that memory effects occur in Einstein gravity, with observable consequences on
inertial detectors [57, 58]. Such memory effects can be attributed to a change of vacuum
as recently emphasized in [5, 6]. While changes in the vacuum lead to physical effects
mediated by the Weyl curvature, it is speculative whether or not there is an absolute
notion of vacuum. The Poincare´ vacua that we constructed are candidates for an absolute
notion of vacua. They have vanishing Weyl curvature but still admit non-trivial canonical
surface charges. Now, it is not clear that stationary finite BMS supertranslations correctly
describe the final states of scattering events. One possible issue is that the vacua do not
obey the antipodal matching conditions imposed at spatial infinity. However, if the vacua
only describe the final state after all transient processes, the extrapolation of the vacua
to spatial infinity might be irrelevant. Also, since these antipodal matching conditions
were originally obtained for small deviations from Minkowski spacetime, one could argue
that they might be modified for spacetimes with finite departure from Minkowski. This
remains to be fully understood.
12Several other possible mechanisms for cosmological spacetime defects have been discussed [48–51].
13In AdS3, Virasoro descendants of the vacuum can be interpreted as a coherent gas of holographic
gravitons or in more mathematical terms as a coherent state in the vacuum Verma module of the dual
CFT. Such states can be quantized thanks to the AdS3/CFT2 correspondence. Recent work in that
direction includes [15, 16, 53–56].
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All the analysis can be generalized to the case where the defects lie inside the horizon
of a black hole. There is then no naked defect and the vacuum surrounding the black hole
is characterized by non-trivial superrotation symplectic symmetries. This might clarify
the nature of the black hole states raised in [25]. The BMS hair of black holes (i.e. the
vacuum expectation value of the Goldstone boson) leads to observables which are the
superrotation charges, not the supertranslation charges which identically vanish. The
properties of black holes with BMS hair are further addressed in [31].
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A Computational details
A.1 Asymptotic form of the metric
Any asymptotically flat metric at future null infinity is the sense of Bondi-van der Burg-
Metzner-Sachs can be put in the form (see e.g. [20])
ds2 = e2β
V
r
du2 − 2e2βdudr + gAB(dzA − UAdu)(dzB − UBdu), (68)
where
gAB = r
2γAB + rCAB +DAB +
1
4
γABC
C
DC
D
C + o(r
−ǫ) , (69)
guA =
1
2
DBC
B
A +
2
3
r−1
[
(ln r +
1
3
)DBD
B
A (70)
+
1
4
CABDCC
CB +NA
]
+ o(r−1−ε) , (71)
V
r
= −1
2
R +
2M
r
+ o(r−1−ǫ) (72)
and CAA = D
A
A = 0 and indices are raised with the inverse of the unit sphere metric γAB
of curvature R = 2.
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The metric of the vacua (4) (without sources) exactly takes this form where explicitly
e−4β = 1 +
CABC
AB
8r2
, (73)
V = −re−2β(1 + gABUAUB) ⇒ M = 0, (74)
CAB = −(2DADB − γABD2)C, (75)
DAB = 0, (76)
NA = − 3
32
DA(C
BCCBC)− 1
4
CABDCC
BC . (77)
There is no news NAB ≡ ∂uCAB because CAB is u independent. The fields corresponding
to the metric of the vacua with sources (22) can also be readily computed.
Any asymptotically flat metric at past null infinity is the sense of Bondi-van der Burg-
Metzner-Sachs can be similarly put in the form
ds2 = e2β(−)
V(−)
r
dv2 + 2e2β(−)dvdr + g
(−)
AB(dz
A − UA(−)du)(dzB − UB(−)du). (78)
We use the same coordinates zA at I− as in the bulk spacetime and at I+: a light ray
starting at (z, z¯) at I− will reach the antipodal point (−1
z¯
,−1
z
) at I+. The functions read
as
g
(−)
AB = r
2γ
(−)
AB + rC
(−)
AB +D
(−)
AB +
1
4
γABC
(−)
CDC
CD
(−) + o(r
−ǫ) , (79)
g
(−)
vA = −
1
2
DBC
B
(−)A −
2
3
r−1
[
(ln r +
1
3
)DBD
B
(−)A (80)
+
1
4
C
(−)
ABDCC
CB
(−) +N
(−)
A
]
+ o(r−1−ε) , (81)
V(−)
r
= −1
2
R + r−12M(−) + o(r
−1−ǫ) (82)
and CA(−)A = D
A
(−)A = 0. Indices are raised with the inverse of the unit sphere metric γAB.
The metric of the vacua (14) exactly takes this form where explicitly
e−4β
(−)
= 1 +
C
(−)
ABC
AB
(−)
8r2
, (83)
V (−) = −re−2β(−)(1 + g(−)ABUA(−)UB(−)) ⇒ M(−) = 0, (84)
C
(−)
AB = −(2DADB − γABD2)C(−), (85)
D
(−)
AB = 0, (86)
N
(−)
A = −
3
32
DA(C
BC
(−)C
(−)
BC )−
1
4
C
(−)
ABD
(−)
C C
BC
(−) . (87)
25
and
C(z, z¯) = C(−)(z, z¯). (88)
The definition of C
(−)
AB in terms of C
(−) defines the sign convention for C(−). There is
no news N
(−)
AB ≡ ∂vC(−)AB because C(−)AB is v independent. The fields corresponding to the
metric of the vacua with sources (22) can be also readily computed.
A.2 Presymplectic forms and their surface forms
The symplectic structure is a key element in the dynamical decription of gravity. The
symplectic structure is a phase space 2-form. It is defined as the integral over a Cauchy
slice of a spacetime 3-form that we refer to as the presymplectic form. The Crnkovic-
Witten-Lee-Wald presymplectic form of Einstein gravity [59, 60] is given by
ω
LW [δ1g, δ2g; g] =
1
32πG
(d3x)µ
√−g
(
δ1g
αβ∇µδ2gαβ + δ1g∇αδ2gµα + δ1gµα∇αδ2g
−δ1g∇µδ2g − 2δ1gαβ∇αδ2gµβ − (1↔ 2)
)
, (89)
where δ1gµν , δ2gµν are perturbations around a general asymptotically flat spacetime gµν
and all indices are raised with the inverse metric, δgµν ≡ gµαgνβδgαβ. This integrand is
obtained by varying a second time the boundary term Θ[δg; g] obtained after a variation
of the Einstein-Hilbert Lagrangian as ωLW [δ1g, δ2g; g] = δ1Θ[δ2g; g]− δ2Θ[δ1g; g].
The presymplectic form obtained in [41] by acting with a contracting homotopy on
Einstein’s equations contracted with δgµν , is given instead by
ω
BC[δ1g, δ2g; g] =
1
32πG
(d3x)µ
√−g
(
δ1g
αβ∇µδ2gαβ + δ1g∇αδ2gµα + δ1gµα∇αδ2g
−δ1g∇µδ2g − δ1gαβ∇αδ2gµβ − δ1gµα∇βδ2gαβ − (1↔ 2)
)
. (90)
It was called the invariant presymplectic form in [41] in reference to the fact that it only
depends upon the equations of motion of the action instead of the action itself.
The difference between the two presymplectic structures is a boundary term, ωBC −
ω
LW = dE which is given by
ω
BC [δ1g, δ2g; g]− ωLW [δ1g, δ2g; g] = 1
32πG
(d3x)µ
√−g∇ν
(
δ1g
ν
βδ2g
µβ − (µ→ ν)
)
. (91)
or
E[δ1g, δ2g; g] = −
√−g
32πG
(d2x)µν
(
(δ1g)
µρ(δ2g)
ν
ρ − (µ→ ν)
)
. (92)
26
The surface forms which are canonically associated with these presymplectic forms are
defined from the off-shell equality
ω
BC[δg,Lξg; g] = dkADξ [δg; g] + (EOM) + δ(EOM), (93)
ω
LW [δg,Lξg; g] = dkIWξ [δg; g] + (EOM) + δ(EOM) (94)
where (EOM) are terms proportional to the equations of motion and δ(EOM) are terms
proportional to the linearized equations of motion.
We adopt the standard definition for the homotopy operator Iξ which obeys dIξ+Iξd =
1 upon acting on an expression linear in ξ and its derivatives [41, 61]. The surface forms
associated with these presymplectic forms are then defined as
k
AD
ξ [δg; g] = Iξω
BC [δg,Lξg; g], (95)
k
IW
ξ [δg; g] = Iξω
LW [δg,Lξg; g]. (96)
Note that the definition (94) does not fix the codimension 3 boundary terms in the
definition of the surface forms. The procedure of using an homotopy only gives a definite
prescription.
The surface charge form kADξ [δg; g] is exactly given by the Abbott-Deser expression [62]
or equivalently the Barnich-Brandt expression [35] for the surface charge for a linear
perturbation δgµν around a solution gµν
k
AD
ξ [δg; g] =
1
16πG
(d2x)µν
√−g
(
ξν(Dµδg −Dσδgσµ) + ξσDνδgσµ
+
1
2
δgDνξµ +
1
2
δgµσDσξ
ν +
1
2
δgνσDµξσ − (µ↔ ν)
)
(97)
= kIWξ [δg; g]−E[Lξg, δg; g]. (98)
In the last equivalent form, E is defined in (92) and kIWξ [δg; g] is the Iyer-Wald surface
form which is canonically associated with the Lee-Wald presymplectic structure. It is
given by
k
IW
ξ [δg; g] = −δkKξ + kKδξ +
1
8πG
(d2x)µν
√−g
(
ξν(Dµδg −Dσδgσµ) +Dµδξν
)
, (99)
where
k
K
ξ [g] =
1
16πG
(d2x)µν
√−g
(
Dµξν −Dνξµ
)
, (100)
is the Komar surface form.
It is important to note that there is an ambiguity in the definition of the presymplectic
potential (42) under the addition of a total derivative,
Θµ[δg; g]→ Θµ[δg; g] + ∂νΘµνamb[δg; g] (101)
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where Θµνamb = Θ
[µν]
amb. The ambiguity (101) leads to the following ambiguity in the defini-
tion of the Lee-Wald presymplectic form and Iyer-Wald surface charge,
ωLW [δ1g, δ2g; g] → ωLW [δ1g, δ2g; g] + d (δ1Θamb[δ2g; g]− δ2Θamb[δ1g; g]) , (102)
k
IW
ξ [δg; g] → kIWξ [δg; g] + LξΘamb[δg; g]− δΘamb[Lξg; g]. (103)
A.3 Proof of the charge formula (66)
The proof of the equivalence of the charges (64) and (66) for rotations and Lorentz gen-
erators goes as follows. Let us first obtain some useful properties of generic superrotation
functions RA = (R(z), R¯(z¯)):
(D2 + 1)RA = 0, (D2 + 2)DAR
A = 0, DARB +DBRA = γABDCR
C . (104)
Also note that for any vector V A and scalar S on the sphere we have
[D2, DA]V
A = −DAV A, [D2, DA]S = DAS. (105)
Let us start massaging the expression for the charges (64). Since the global conformal
Killing vectors are globally defined, we can freely integrate by parts and drop the boundary
terms. After one integration by parts, using the definition of CAB and the property (10)
we obtain
QSχR =
1
16G
∮
S
d2Ω(DAR
A)(2DEDF − γEFD2)CDEDFC + 2RACABDB(D2 + 2)C.
We then integrate by parts the DB in the final term and we get two kinds of new terms.
For those proportional to DBRA we can use the conformal Killing equation to recognize
that it is proportional to γAB but CAB is traceless so these terms are zero. For those
proportional to DBCAB we use again property (10) and perform an integration by parts.
We then obtain
QSχR =
1
16G
∮
S
d2Ω2DAR
ADEDFCD
EDFC −DARA(D2C)2 −DARA((D2 + 2)C)2.
We then perform an additional integration by parts and we distribute the last term to
obtain
QSχR =
1
8G
∮
S
d2Ω(−DADEREDBCDADBC −DARADBCD2DBC −DARA(D2C)2
−2DARACD2C − 2DARAC2). (106)
The first term in the parenthesis can be written as −1
2
DADER
EDA(DBCD
BC) which can
then be integrated by parts as +1
2
D2DER
E(DBCD
BC). The second term can be written
as
−DARADBCD2DBC = −DARADBC(DBD2C +DBC)
= DBDAR
ADBCD
2C +DAR
A(D2C)2 −DARADBCDBC.
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The third term in (106) will then be canceled. The fourth term can be written as
− 2DARACD2C = 2DEDARACDEC + 2DARADECDEC
= DEDAR
ADE(C2) + 2DAR
ADECD
EC
= −D2DARAC2 + 2DARADECDEC
= 2DAR
AC2 + 2DAR
ADECD
EC. (107)
The fifth term in (106) will then be canceled. Regrouping all the remaining terms we
have
QSχR =
1
8G
∮
S
d2Ω
1
2
D2DER
E(DBCD
BC) +DBDER
EDBCD2C +DAR
ADBCD
BC.
Let us massage the second term in the parenthesis
DBDER
EDBCD2C = −DADBDEREDBCDAC −DBDEREDADBCDAC
= −DADBDEREDBCDAC −DBDEREDBDACDAC
= −DADBDEREDBCDAC − 1
2
DBDER
EDB(DACD
AC)
= −DADBDEREDBCDAC + 1
2
D2DER
EDACD
AC. (108)
We then obtain
QSχR =
1
8G
∮
S
d2ΩD2DER
E(DBCD
BC)−DADBDEREDBCDAC +DARADBCDBC.
We finally use the second property (104) to obtain the final result (66).
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